
JOURNAL OF SPACECRAFT AND ROCKETS

Vol. 41, No. 4, July–August 2004

Numerical Simulation of Magnetohydrodynamic Flows

Jean-François Dietiker∗ and Klaus A. Hoffmann†

Wichita State University, Wichita, Kansas 67260-0044

The development of a versatile computational tool for the solution of turbulent magnetohydrodynamic flows is
presented. The flow solver can simulate the full magnetohydrodynamic equations or simplified equations based
on the low magnetic Reynolds number approximation. Both laminar and turbulent flows are investigated. The
Baldwin–Lomax turbulence model evaluates the eddy viscosity to represent turbulence. Modifications accounting
for the presence of a magnetic field are presented to extend its range of application to magnetohydrodynamic
flows. The modification of the turbulence model is performed based on the turbulent Hartmann flow. The nu-
merical solutions are compared with existing analytical solutions and experimental data, for low- and high-speed
magnetohydrodynamic flows.

Nomenclature
A = coefficient of damping term in modified

Baldwin–Lomax model
B = magnitude of the magnetic induction field
B = magnetic induction field,




Bx

By

Bz




B̄x , B̄y = transformed components of the magnetic field in the
computational space

cp = specific heat at constant pressure, N · m/kg · K
E = flux vector in x direction (physical space)
Ec = electric field vector,




Ex

Ey

Ez




Ev = viscous flux vector in x direction (physical space)
Ē = flux vector in ξ direction (computational space)
Ev = viscous flux vector in ξ direction

(computational space)
et = total energy
F = flux vector in y direction (physical space)
Fv = viscous flux vector in y direction (physical space)
F̄ = flux vector in η direction (computational space)
Fv = viscous flux vector in η direction

(computational space)
H = source term in physical space
Ha = Hartmann number
HM = intermediate magnetic vector
H̄ = source term in computational space
J = Jacobian of transformation
k = thermal conductivity, turbulent kinetic energy,

W/m · K
L = characteristic length, m
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l = characteristic turbulent length scale, mixing length, m
M∞ = freestream Mach number
Pr = Prandtl number
p = pressure
Q = unknown field vector
Qh = heat flux vector,


qx

qy

qz




Q̄ = unknown field vector in computational space
Re = Reynolds number
Rem = magnetic Reynolds number
S = interaction parameter
SMHD = magnetohydrodynamics (MHD) source term in

physical space
S̄MHD = MHD source term in computational space
T = temperature
t = time
U = velocity vector,


u

v

w




Vt = characteristic turbulent velocity
x, y = space coordinate
y+ = nondimensional distance to the wall
γ = ratio of specific heats
γ2, γ3 = damping function in the modified Baldwin–Lomax

model
δi j = Kronecker delta
ηx , ηy = metrics of transformation
κ = von Kármán constant
λ = damping coefficients for the modified

Baldwin–Lomax model
µ = dynamic viscosity, N · s/m2

µe0 = free space magnetic permeability, s/mho · m
µti = inner layer turbulent viscosity
µto = outer layer turbulent viscosity
ξ, η = generalized coordinates (computational space)
ξx , ξy = metrics of transformation
ρ = density
σe = electrical conductivity, mho/m
¯̄τ = stress tensor
ω = vorticity

Subscripts

w = property evaluated at the wall
∞ = freestream condition
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Superscripts

′ = perturbation quantity
∗ = nondimensional quantity
– = Reynolds averaged quantity, quantity expressed in

computational space

Introduction

M AGNETOHYDRODYNAMICS (MHD) is a branch of fluid
dynamics that studies the interaction of an electrically con-

ducting fluid with an electromagnetic field. The MHD effect has
been investigated for engineering applications, for example, propul-
sion systems or power generators. MHD shows great potential in
aerospace engineering because it offers the possibility of control-
ling the flow around a vehicle or even extracting energy from its
surroundings.

When an electrically conducting fluid moves through a magnetic
field, it produces an electric field and subsequently an electric cur-
rent. The interaction of the induced electric current with the mag-
netic field creates a body force, called the Lorentz force, which
acts on the fluid itself. MHD is mathematically represented by the
combination of Maxwell’s equations, governing the electromagnetic
field, and Navier–Stokes equations governing the flowfield. The
corresponding set of equations is known as the MHD equations.
These equations must be solved to analyze MHD flows. There have
been numerous attempts in solving these equations, starting from
analytical or empirical methods. Because the governing equations
are nonlinear partial differential equations, they can be analytically
solved only for simple flows with restrictive assumptions on the
flow or the magnetic field. Rossow1 developed an approximate so-
lution for an incompressible laminar flow over a flat plate subject
to a uniform magnetic field. He showed that, as the magnetic field
is increased, the skin friction and heat transfer are reduced. Other
investigators have shown the same trend for other types of flows.
Lykoudis developed a similarity solution for boundary-layer flows
over a wedge.2 The hypersonic MHD Couette flow was analytically
solved by Bleviss.3 This was an important step in the understanding
of boundary-layer flows in the presence of magnetic fields. He also
found that, for high Mach numbers, the presence of a magnetic field
decreases the skin friction but increases the heat transfer. For hy-
personic flows around blunt bodies, Bush4 has shown that the shock
standoff distance would increase and the surface pressure would
decrease in the presence of a magnetic field. Lykoudis5 developed
an analytical solution for the shock standoff distance for hyper-
sonic flows of an electrically conducting fluid around a sphere and a
cylinder.

With the expansion of computational fluid dynamics, it has
become possible to investigate MHD flows under less limiting con-
ditions on the magnetic field or the flow properties. Palmer6 nu-
merically solved the flow past an axisymmetric blunt body. He
computed the flowfield for both self-generated and applied mag-
netic field. He also considered the flow in thermal equilibrium and
chemical nonequilibrium. The same increase in the standoff distance
was obtained as for the existing analytical solutions. Because the
MHD equations are hyperbolic in nature, numerical schemes based
on characteristic formulation have been widely used. High-order
Godunov schemes have been used for one-dimensional cases and
shock tube problems (see Refs. 7–12). Riemann solvers associated
with Godunov schemes have been proven to be robust and able to
capture accurately the shock waves. More recently, modified Runge–
Kutta schemes augmented with total variation diminishing (TVD)
schemes have been used for one-dimensional and two-dimensional
problems (see Refs. 13–17). The use of the TVD scheme as a
postprocess stage allows good shock wave capturing with little or
no spurious oscillation. This method requires the determination of
the eigenvalues and eigenvectors of the system of equations. For
the ideal one-dimensional case, the flow is described by a seven-
wave system, whereas for the ideal two-dimensional case, an eight-
wave system is obtained. It has been shown that the determination
of the eigenvalues and eigenvectors of the system requires a mathe-
matical modification of the governing equations due to a singularity

in the Jacobian matrices (see Ref. 18). Recently, this scheme has
been extended to the case where molecular viscosity and magnetic
diffusivity are taken into consideration.19

Most supersonic and hypersonic flows are turbulent. Therefore,
inclusion of turbulence in the computation of such flowfields is
essential. It has been shown that the presence of a magnetic field
could decrease the drag and heat transfer for laminar flows. It is, thus,
important to investigate turbulent supersonic flowfields subject to
magnetic fields to identify the overall effect of this combination.

Most of the research combining the effect of turbulence with
MHD has been conducted for flows of liquid metals in simple ge-
ometries or in astrophysical applications, where the length scales
are very large. Basic observations tend to show that the presence of
a magnetic field would inhibit turbulence. Ferraro and Plumton20

discussed the inhibition of turbulence by a magnetic field and sug-
gested a criterion on the magnitude of the magnetic field that would
tend to inhibit the onset of turbulence. Lykoudis21 showed that for
large values of the Hartmann number, the magnetic field (which en-
ters the solution through the Hartmann number) has the same effect
on the laminar layer as suction. His result was based on the laminar
velocity profile in the case of a channel flow.

For simple engineering applications, the effect of the magnetic
field on turbulence has been integrated into existing turbulence con-
cepts or even turbulence models. Lykoudis22 generalized the Prandtl
mixing length concept to MHD for a fully established turbulent
channel flow, in a transverse and uniform magnetic field (electri-
cally insulated channel). He obtained an expression for the turbulent
stress in the case of MHD based on the solution of an oscillating in-
finite plate. Damping functions are added to the algebraic model to
account for the presence of a magnetic field. The k–ε two-equation
model has been used in conjunction with MHD flows by several
authors. Lee et al.23 used the k–ε model (with no modification) to
study the effect of MHD in a three-dimensional channel flow of liq-
uid metal. Frando et al.24 used the Navier–Stokes equations with the
k–ε model to determine the steady-state solution of an MHD turbu-
lent flow in an electromagnetic valve. The breaking and accelerating
of the flow was demonstrated. El-Kaddah25 calculated the recirculat-
ing flow in an induction furnace using the turbulent Navier–Stokes
equations augmented with electromagnetic body forces. Again, the
k–ε model (with no modification) was used to evaluate the turbulent
viscosity. Shimomura26 derived the exact equations for the turbu-
lent kinetic energy and its dissipation rate based on the two-scale
direct interaction approximation approach. The resulting equations,
though exact, are very complex and require several closure coef-
ficients, which cannot be clearly determined. However, in some
cases, simplifications can be made based on the geometry of the
problem.

There are mainly three approaches for the computation of tur-
bulent flows. The direct numerical simulation approach is an ex-
act method in the sense that the original governing equations are
solved without any modifications, or filtering process. The second
approach is the large-eddy simulation.27 Large scales are numeri-
cally computed, whereas the small scales are modeled by simple
eddy viscosity models, known as subgrid scale models. These two
methods are very costly in terms of computational time and stor-
age requirement. A more affordable method consists in averaging
Navier–Stokes equations in time (called Reynolds averaging). When
the filter operation is applied to the equations, the Reynolds aver-
aged Navier–Stokes (RANS) equations are obtained. In this filtering
process, additional terms appear, known as the Reynolds stresses.
A closure model (or turbulence model) is required to close the sys-
tem. Tremendous amount of investigation has been conducted in
this domain, resulting in many different turbulence models, ranging
from simple algebraic models to more sophisticated multi-equation
models.28 Unfortunately, none of the proposed models is able to
predict accurately turbulent flows for a wide range of applications.
The difficulty in developing such models relies in that the closure
constants are based on empiricism and are calibrated to match the
experimental data. This makes them nonuniversal and more likely
to provide good results only for the type of applications they were
designed for. The RANS approach is used for simple engineering
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Fig. 1 Simplified schematic of the AJAX concept.

applications because of its relatively low computational cost com-
pared to other existing methods. Because the turbulence models used
in RANS are mostly based on empiricism, they have to be tuned for
a given application.

The possibility of utilizing MHD flow control for hypersonic ve-
hicles has led to the AJAX concept.29−32 The AJAX vehicle is a long-
range, hypersonic vehicle that employs a coupled MHD generator/
accelerator propulsion system. The MHD control is designed to im-
prove the performances of the scramjet. Figure 1 shows a simplified
schematic of the MHD system. The external MHD generator con-
trols the inlet of the scramjet. The application of a magnetic field
provides a means to control the leading-edge shock wave and ad-
just the flow rate within the scramjet. Therefore, a fixed-geometry
scramjet can be employed. The electricity generated by the MHD
generator operates an ionizer, located near the nose of the vehi-
cle. The ionization process increases the electrical conductivity of
the plasma, which provides a better MHD interaction. The inter-
nal MHD generator slows down the flow before combustion and
increases the pressure. The electric power produced is then used to
operate onboard systems and the MHD accelerator. The gases exit-
ing the combustion chamber should be of sufficient temperature as
not to require additional ionization to reach adequate conductivities.

The investigation of the flowfield over an entire vehicle would
require extensive computational resources and is not feasible at the
present time. The proposed numerical tools could be used to simu-
late some major portions of the flowfield over a supersonic vehicle.
The flow within the MHD generator and MHD accelerator can be
approximated by MHD channel flows. The nose of the vehicle can
be represented by a blunt body. Changes in the vehicle geometry can
be approximated by compression/expansion corners. The scramjet
is a combination of supersonic/hypersonic inlets and channel flows.
The remainder of the vehicle can be analyzed by assuming it to be
locally a flat plate. In an effort to develop a computational tool able
to investigate various MHD flows, the computer program is first
compared to available analytical and experimental data of MHD
flows over simple geometries. The Reynolds averaged approach is
selected to represent turbulence for its low requirement in terms of
computational resources. The Baldwin–Lomax turbulence model is
modified to account for the presence of a magnetic field.

Governing Equations
Full MHD Equations

The MHD equations are composed of the Maxwell’s equations,
generalized Ohm’s law, continuity, momentum, and energy equa-
tions. Maxwell’s equations relate the basic electric and magnetic
field quantities and how they are produced. The combination of
Maxwell’s equations, or more specifically, Faraday’s law, gener-
alized Ohm’s law, and continuity equation results in the magnetic
transport equation. The electric field can be eliminated from the
equations, leaving only the magnetic field. The resulting MHD equa-
tions comprise the continuity, momentum, magnetic transport, and
energy equations. The equations are written in a nondimensional
conservative form as

∂Q
∂t

+ ∂E
∂x

+ ∂F
∂y

+ H = ∂Ev

∂x
+ ∂Fv

∂y
(1)

The original system of equations has been shown to be difficult
to solve due to singularities in the Jacobian matrices associated

with the system because of the existence of zero eigenvalues. One
solution that has been proposed18 is to modify the Jacobian matrices,
leading to the introduction of the additional flux vector H in the
MHD equations. The unknown vector and flux vectors are given in
Eqs. (2a–2d):

Q = [ρ ρu ρv ρw Bx By Bz ρet ]
T (2a)

E =




ρu

ρu2 + p + −B2
x + B2

y + B2
z

2
ρuv − Bx By

ρuw − Bx Bz

0
u By − vBx

u Bz − wBx
. . . . . . . . . . . . . . . . . . . . . . . . . . . .(
ρet + p + B2

x + B2
y + B2

z

2

)
u

−Bx (u Bx + vBy + wBz)




F =




ρv

ρvu − By Bx

ρv2 + p + B2
x − B2

y + B2
z

2
ρvw − By Bz

vBx − u By

0
vBz − wBy

. . . . . . . . . . . . . . . . . . . . . . . . . . . .(
ρet + p + B2

x + B2
y + B2

z

2

)
v

−By(u Bx + vBy + wBz)




(2b)

H = HM

(
∂ Bx

∂x
+ ∂ By

∂y

)
, HM =




0

Bx

By

Bz

u

v

w

u Bx + vBy + wBz




(2c)

Ev =




0
τxx

τxy

τxz

1

Rem∞σe

∂ Bx

∂x

1

Rem∞σe

∂ By

∂x

1

Rem∞σe

∂ Bz

∂x

uτxx + vτxy + wτxz − qx



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Fv =




0
τyx

τyy

τyz

1

Rem∞σe

∂ Bx

∂y

1

Rem∞σe

∂ By

∂y

1

Rem∞σe

∂ Bz

∂y

uτyx + vτyy + wτyz − qy




(2d)

where

ρet = 1
2 ρ(u2 + v2 + w2) + p/(γ − 1) + (

B2
x + B2

y + B2
z

)/
2 (3)

For a Newtonian fluid,

τi j = µ

Re∞

(
∂ui

∂x j
+ ∂u j

∂xi
− 2

3

∂uk

∂xk
δi j

)
(4)

and for a perfect gas,

qi = − µ

Re∞Pr(γ − 1)M2∞

∂T

∂xi
(5)

The expression of the internal energy in Eq. (3) applies only
to nonchemically reacting perfect gases. The nondimensional pa-
rameters appearing in the equations are the Reynolds number
Re∞ = ρ∞U∞L/µ∞, the Prandtl number Pr = µ∞cp/k, the mag-
netic Reynolds number Rem∞ = σe∞µe0U∞L , and the freestream
Mach number M∞. The magnetic Reynolds number represents the
ratio of the magnetic convection to the magnetic diffusion.

The governing MHD equation given by Eq. (1), which is written
in the physical space (x, y), is transformed into the computational
space (ξ, η) and expressed as

∂Q̄
∂t

+ ∂Ē
∂ξ

+ ∂F̄
∂η

+ H̄ = ∂Ēv

∂ξ
+ ∂F̄v

∂η
(6)

where

Q̄ = Q
J

, H̄ = HM

(
∂ B̄x

∂ξ
+ ∂ B̄y

∂η

)
(7a)

Ē = 1

J
(ξx E + ξyF), F̄ = 1

J
(ηx E + ηyF) (7b)

B̄x = 1

J
(ξx Bx + ξy By), B̄y = 1

J
(ηx Bx + ηy By) (7c)

Ēv = 1

J
(ξx Ev + ξyFv), F̄v = 1

J
(ηx Ev + ηyFv) (7d)

Low Magnetic Reynolds Number Approximation
The numerical simulation of MHD flows typically requires the so-

lution of a system of eight equations: continuity, momentum (three
components), energy, and magnetic field induction (three compo-
nents). For MHD flows that are characterized by a low electrical
conductivity, the governing equations can be simplified. The valid-
ity of the simplification is monitored by a nondimensional number
known as the magnetic Reynolds number. It can be shown that for
small values of the magnetic Reynolds number (Rem∞ � 1) the in-
duced magnetic field is negligible compared to the applied magnetic
field. Therefore, when this assumption is valid, the magnetic induc-
tion equations do not need to be solved. This is especially appealing
because the method applied to solve these equations is source of
numerical difficulties. When the full system of MHD equations is
solved, it has been experienced to be very difficult for the magnetic
field to remain divergence free at all time levels. Numerical tech-
niques have been proposed18 to alleviate this problem but generally
result in more complex equations or additional steps in the numerical
procedure. The other source of difficulties is that the MHD equations
become stiffer as the magnetic Reynolds number decreases. In the
low magnetic Reynolds number approach, the magnetic field auto-
matically satisfies the zero-divergence constraint, provided its initial
distribution is divergence free (because it is given and remains con-
stant through the computation). The current density is determined
directly from Ohm’s law, and the MHD effect is modeled by the
introduction of source terms in the Navier–Stokes equations. Under
the assumption of small magnetic Reynolds number, the governing
equations are

∂Q
∂t

+ ∂E
∂x

+ ∂F
∂y

= ∂Ev

∂x
+ ∂Fv

∂y
+ SMHD (8)

The additional source term is represented by SMHD. The unknown
and flux vectors are given by Eqs. (9a–9d). The unknown quanti-
ties that need to be computed are the density, momentum compo-
nents, and total energy. The magnetic and electric fields are con-
sidered as given quantities and remain constant throughout the
computations.

Q = [ρ ρu ρv ρw ρet ]
T (9a)

E =




ρu

ρu2 + p

ρuv

ρuw

(ρet + p)u




, F =




ρv

ρvu

ρv2 + p

ρvw

(ρet + p)v




(9b)

Ev =




0

τxx

τxy

τxz

uτxx + vτxy + wτxz − qx




, Fv =




0

τyx

τyy

τyz

uτyx + vτyy + wτyz − qy




(9c)
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SMHD = Rem∞




0

Bz(Ey + wBx − u Bz) − By(Ez + u By − vBx )

Bx (Ez + u By − vBx ) − Bz(Ex + vBz − wBy)

By(Ex + vBz − wBy) − Bx (Ey + wBx − u Bz)

Ex (Ex + vBz − wBy) + Ey(Ey + wBx − u Bz) + Ez(Ez + u By − vBx )




(9d)

where

ρet = 1
2 ρ(u2 + v2 + w2) + p/(γ − 1) (10)

All other quantities have the same definitions as already noted.
In contrast with the full MHD equations, the electric field ap-
pears explicitly in the formulation associated with the low magnetic
Reynolds number approximation. This offers additional control on
the flow.33,34 Equation (8) is transformed into the computational
space (ξ, η) as

∂Q̄
∂t

+ ∂Ē
∂ξ

+ ∂F̄
∂η

= ∂Ēv

∂ξ
+ ∂F̄v

∂η
+ S̄MHD (11)

where

S̄MHD = (1/J )SMHD (12)

All other flux vectors are obtained similarly to Eqs. (7a) and (7b).

Numerical Scheme
The governing equations are solved by a four-stage Runge–Kutta

scheme. It has been selected because of its high order of accuracy
(fourth order) and its low storage requirement because only two time
levels need to be stored. The spatial derivatives are approximated
by second-order central differences.

Some instabilities may arise due to the high order of accuracy
associated with the numerical scheme. To alleviate this problem,
a postprocess stage is usually required to stabilize the solution. A
method that has been successfully employed in the past is the ap-
plication of a TVD scheme as a postprocess stage. This method has
the advantage of automatically adjusting the amount of damping
(by switching from second to first order in accuracy) where needed.
However, it requires the computation of the eigenvalues and eigen-
vectors associated with the governing equations. It is also expensive
in terms of computational resources. The second-order symmetric
TVD scheme with Davis–Yee symmetric limiter has been chosen
due to its successful application to MHD problems by previous
investigators. It is particularly appealing for high-speed problems
involving strong discontinuities such as shock waves. Details of the
postprocess stage may be found in Ref. 17.

Baldwin–Lomax Zero-Equation Turbulence Model
The Baldwin–Lomax35 model is a two-layer model composed of

an inner and an outer region. The switch between the inner and outer
turbulent viscosity occurs at the y location, where both turbulent
viscosities are equal. The basic assumption is that the local rate of
production and dissipation of turbulence are approximately equal.
This model does not include any convection of turbulence.

In the inner layer, the length scale associated with the turbulence
is the mixing length. The mixing length is the distance that lumps
of fluid associated with fluctuating quantities travel before they lose
their identity. From experimental evidence, it is observed that turbu-
lence damps out near the solid surfaces, within the viscous sublayer.
Subsequently, turbulence grows rapidly. In this model, the mixing
length is specified by an algebraic function, known as the Van Driest
function:

l = κy[1 − exp(−y+/A+)] (13)

where

y+ = ρwuτ y/µw (14)

uτ =
√

|τw|/ρw (15)

The characteristic velocity is given by Vt = lω, where

ω =
√(

∂v

∂z
− ∂w

∂y

)2

+
(

∂w

∂x
− ∂u

∂z

)2

+
(

∂u

∂y
− ∂v

∂x

)2

(16)

Therefore, in the inner layer, the turbulent viscosity is given by

µti = ρl2ω (17)

In the outer region, the turbulent viscosity is given by

µto = αρU0 L0 (18)

where, at a given x ,

U0 = min{Gmax, [(�V )2/Gmax]} (19)

Gmax = max[(l/κ)ω] (20)

L0 = CCP I0 ymax (21)

where ymax is the value of y where Gmax occurs. �V = Vmax − Vmin

is the difference between the maximum and minimum velocities at a
given x . (Vmin = 0 for boundary-layer flows.) I0 is the intermittency
factor:

I0 = [
1 + 5.5(Ckleb y/ymax)

6
]−1

(22)

The closure coefficients for the Baldwin–Lomax model are summa-
rized in Table 1.

Modifications of the Baldwin–Lomax Model
for MHD Flows

The generalization of Prandtl mixing length concept was extended
to MHD flows at low magnetic Reynolds number by Brouillette
and Lykoudis.22 In the inner region, the turbulent viscosity is now
written as

µti = ρκ2 y2[1 − exp(−y+/A+)]γ2γ3ω (23)

where

γ2 = 1 − exp

{
−(y+/A+)

[√
1
2 (A+λ)4 + 1 + 1

2 (A+λ)2
] 1

2

}
(24)

Table 1 Closure coefficients
for the Baldwin–Lomax model

Coefficient Value

κ 0.41
CCP 1.6
CKleb 0.3
A+ 26.0
α 0.0168
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γ3 = exp(−Aλ2), A = 700 (25)

λ2 = σe B2µ
/

ρτw (26)

The damping functions γ1 and γ2, as well as their associated con-
stants, have been designed to match their experimental investigation
of a channel flow of an electrically conducting fluid subject to a uni-
form transverse magnetic field.36 It has been observed that when the
skin friction is plotted vs the Hartmann number (while keeping the
Reynolds number constant), all curves coincide on the same laminar
line when the ratio Ha/Re is larger than 1/225. This illustrates that
the presence of a magnetic field tends to inhibit turbulence or initi-
ates a relaminarization process. The main idea behind the damping
functions introduced by Brouillette and Lykoudis22 is that the mag-
netic field leads to a suppression of the correlation term u′v′. The
damping functions were designed for flows with a transverse mag-
netic field, such that the damping acts directly on the u′ fluctuation.
(The v′ fluctuation is parallel to the transverse magnetic field.)

Results
MHD Rayleigh Problem

The MHD Rayleigh problem is a key benchmark problem for
MHD flows. It is a time-accurate problem that involves molecular
viscosity, magnetic diffusivity, and wave propagation. This test case
is used to validate the ability of the numerical code to compute
accurately boundary-layer type of flows. Consider an infinite flat
plate at rest in a motionless electrically conducting fluid. A constant
magnetic field B0 is applied in the y direction, that is, perpendicular
to the plate. At time t = 0.0, the plate is suddenly set into motion
in the x direction, that is, in the direction of the plate, at a constant
speed of U0. Figure 2 shows a typical velocity profile obtained for
the MHD Rayleigh flow. The motion of the plate drives the fluid
near the plate, and the motion propagates within the fluid as time
increases. The wave front separates the region where the fluid is
at rest (ahead of the wave front) and the region where the fluid is
accelerating (near the wall). The latter is referred to as the Hartmann
layer and has a thickness of δH = √

(ρν/σe)/B0. The velocity field
induces a magnetic field that propagates in the y direction as a plane
wave, which is called the Alfvèn wave. It travels at the constant
speed A0 = B0/

√
(µe0ρ) (Alfvèn speed). For the case where the

magnetic Prandtl number, that is, the ratio of kinematic viscosity to
magnetic diffusivity, equals unity, there exists an analytical solution
(see Ref. 37) in terms of velocity and induced magnetic fields. The
MHD Rayleigh flow has been computed and compared with the
analytical solution for the case given in Table 2.

Table 2 Summary of the MHD Rayleigh
problem parameters

Property Value

Electrical conductivity σe = 107/4π mho/m
Fluid density ρ = 0.4 × 10−4 kg/m3

Applied magnetic field B0 = 1.449 × 10−4 T
Vertical range of the domain 0 ≤ y ≤ 2.5 m
Time interval 0 ≤ t ≤ 0.06 s

Fig. 2 Schematic of the MHD Rayleigh flow.

Table 3 Flow properties of the supersonic flow
over a blunt body

Flow property Value

Mach number M∞ = 2.97
Freestream velocity u∞ = 3625 m/s
Freestream density ρ∞ = 3.035 × 10−5 kg/m3

Freestream pressure p∞ = 32.3 Pa
Freestream temperature T∞ = 3708 K

Fig. 3 Velocity profiles for the MHD Rayleigh problem (electrically
insulating wall).

Fig. 4 Induced magnetic field profiles for the MHD Rayleigh problem
(electrically insulating wall).

The magnetic Reynolds number based on the height of the domain
is Rem = 2.5, and, therefore, the full MHD equations are solved. The
temperature of the flow has been adjusted such that the kinematic
viscosity, calculated from Sutherland’s law, equals the magnetic
diffusivity. Two types of boundary conditions are investigated for
the flat plate. For an electrically insulated wall, the magnetic field is
specified at the wall. For a perfectly conducting wall, the magnetic
field is extrapolated at the wall (zero normal gradient). Figures 3 and
4 show the velocity profiles and induced magnetic fields obtained for
t ≤ 0.06 s in the case of an electrically insulating wall. The numerical
solutions show good agreement with the analytical solutions. All
of the features of Fig. 2 are represented. Figures 5 and 6 show
the velocity profiles and induced magnetic fields for the case of
a perfectly conducting wall. In this case, the Hartmann layer is
not present. Good agreement between the analytical and numerical
solutions is obtained.

Supersonic MHD Flow over a Blunt Body
In this section, the supersonic flow over a blunt body is computed

and the shock standoff distance is compared to the analytical so-
lution proposed by Lykoudis.5 The inflow conditions are given in
Table 3.

The blunt-body radius of curvature is rb = 0.025 m. The grid
system is shown in Fig. 7. The magnetic field is initially oriented
in the y direction, and the conductivity is assumed to be constant
(σe = 800 mho/m) for all of the computations. All flow properties
are specified at the far field, including the magnetic field. The blunt
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Fig. 5 Velocity profiles for the MHD Rayleigh problem (perfectly con-
ducting wall).

Fig. 6 Induced magnetic field profiles for the MHD Rayleigh problem
(perfectly conducting wall).

Fig. 7 Grid configuration for the blunt body (100 ×× 80 grid points).

a) By = 0.0 T b) By = 0.025 T c) By = 0.035 T

Fig. 8 Pressure contours for various magnetic field intensities.

Fig. 9 Shock standoff distance for the supersonic flow over a blunt
body.

body is considered to act as an adiabatic wall, and the magnetic field
is imposed along the wall.

The shock standoff distance moves away from the body as the
magnetic field is increased (Fig. 8). When the magnetic field is ori-
ented in the y direction, the body force created by the magnetic
field is acting in the opposite direction of the incoming velocity,
which slows down the flow. Because the velocity is decreased in
the region between the blunt body and the shock wave, a wider area
is required for the fluid passage, and therefore, the shock stand-
off distance has to increase. In the analytical solution proposed by
Lykoudis,5 the shock standoff distance ratio between the MHD and
no-magnetic case is a function of the density ratio across the shock
and the interaction parameter S = σe B2r/ρ∞u∞. The numerical re-
sults are compared with the analytical solution in Fig. 9. �s and
�s0 are the nondimensional shock standoff distances with and with-
out a magnetic field, respectively. The standoff distances have been
nondimensionalized by the radius of curvature of the shock. Small
discrepancies between the analytical solution and numerical results
can be explained by the difficulty to reproduce the assumptions made
to derive the analytical solution. For example, it is assumed that the
magnetic field remains constant in the region between the shock
and the body and is perpendicular to the incoming streamlines. In
the numerical simulation, an induced magnetic field is generated,
which is combined with the applied magnetic field. Lykoudis also
assumed that the pressure was not altered by the magnetic field in
the stagnation region. (A Newtonian pressure distribution with con-
stant density is assumed.) This assumption cannot be reproduced
numerically because the stagnation pressure is decreased when the
magnetic field intensity increases.

Hartmann Flow
The fully developed flow between two parallel plates under a

transverse magnetic field is investigated under the influence of a
magnetic field. It is the equivalent to the Couette flow in fluid me-
chanics. The term fully developed refers to the velocity profile being
independent of the axial coordinate. A pressure gradient exists in
the longitudinal coordinate, which drives the fluid into motion and
balances the viscous and magnetic friction. This type of flow is the
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simplest MHD channel flow and was first investigated by Hartmann
in 1930. The presence of a magnetic field alone can only slow the
flow, and a larger pressure gradient is required to maintain the same
mass flow rate. The Hartmann flow has been extended to the case
where both a magnetic and electric fields are present. In this case,
it is possible to decelerate or accelerate the flow by a suitable com-
bination of the electric and magnetic fields. Here, both laminar and
turbulent flows are considered and compared with analytical or ex-
perimental results. This test case serves as a basis for the calibration
of the modified turbulence models.

Consider an incompressible fluid, with constant viscosity and
constant electrical conductivity flowing between two infinite paral-
lel flat plates (Fig. 10). A constant magnetic field is applied in the
transverse direction, that is, the y direction. There is no applied elec-
tric field. All variables are functions of y only, except the pressure.
The walls are located at y = ±h. Laminar and turbulent flows are
investigated under the conditions given in Table 4.

The Reynolds number, based on the half-height h between the
two plates and the average velocity, ranges from 5 × 103 to 5 × 104.
The magnetic Reynolds number corresponding to these conditions
is Rem = 1.51 × 10−4. Therefore, the induced magnetic field can
be considered negligible compared to the applied magnetic field. In
fact, the value of the induced magnetic field can be analytically eval-
uated in the general case.37 Figure 11 shows the magnitude of the in-
duced magnetic field bx compared to the applied field B0 (theoretical
distribution). It can be observed that for a given Hartmann number,
the induced field is maximum at the wall and zero at the centerline.
The ratio bx/B0 decreases as the Hartmann number increases. In
all cases, the induced magnetic field is negligible compared to the
applied field. In fact, the largest value of the induced field is more
than 2000 times smaller than the applied field. Therefore, the low

Table 4 Properties of the MHD Hartmann flow

Property Value

Density ρ = 1.225 kg/m3

Electrical conductivity σe = 800 mho/m
Viscosity µ = 1.8 × 10−5 kg/(m · s)
Distance between the plates h = 0.005 m

Fig. 10 Schematic of the Hartmann flow.

Fig. 11 Analytical distribution of the induced magnetic field.

magnetic Reynolds number approximation can be considered valid
for this application.

The computation is performed on a two-dimensional domain. To
obtain a fully developed flow, the length of the numerical domain
should be much larger than its height. This requires a large number
of grid points in the x direction and results in a prohibitive com-
putational time for such a simple case. However, it is possible to
accelerate the convergence of the code, by having a small compu-
tational domain and modifying the boundary conditions. The ratio
between the length and the height of the domain is L/2h = 10, and
the number of grid points in the x direction is 10, with uniform
grid spacing. There are 150 grid points in the y direction, and grid
clustering is implemented near the two solid walls to resolve the ve-
locity gradients. The velocity is extrapolated at the inlet and outlet
to obtain a fully developed flow in a short computational time. The
pressure gradient in the x direction is adjusted to provide the same
mass flow rate regardless of the strength of the magnetic field. The
convergence criterion is based on the change in pressure between
two successive iterations, calculated over the entire domain of so-
lution. Convergence is achieved when the change in pressure has
decreased by four orders of magnitude.

Laminar Flow
In the case of a laminar flow, an analytical solution exists.38 It

can be simplified further because the magnetic Reynolds number is
small. The pressure gradient balances the Lorentz force induced by
the interaction between the magnetic field and velocity field. The
magnetic field that is applied in the positive y direction with a magni-
tude of B0. The Hartmann number, defined as Ha = B0h

√
(σe/µ), is

a nondimensional parameter, the square of which represents a mea-
sure of the ratio of the electromagnetic to viscous forces. Note that
the reference length associated with the Hartmann number should
represent a characteristic length of the variation of u.

In the case of a turbulent flow, it has been experimentally shown
by Brouillette and Lykoudis36 that a relaminarization process should
occur when the magnetic field is sufficiently strong. The criterion
for the relaminarization process is expressed by the ratio of the
Hartmann number to the Reynolds number. The advantage of ex-
pressing the relaminarization criterion by this ratio is that it becomes
independent of the reference length. Brouillette and Lykoudis found
that when the critical value of Ha/Re = 1/225 is reached, the flow
should return to a laminar state. The goal of this investigation is to
verify this experimental conclusion.

Figure 12 shows the fully developed velocity profile for different
values of the Hartmann number in the laminar case, for which a
comparison with the analytical solution is possible. The velocities
are normalized with the maximum velocity obtained in the non-
magnetic laminar case. When Ha = 0.0, the well-known parabolic
profile corresponding to the Couette flow in fluid dynamic is ob-
tained. As the Hartmann number is increased, the velocity profiles
are flattened, the maximum velocity (at the centerline) decreasing.

Fig. 12 Laminar velocity profiles for the Hartmann flow.



600 DIETIKER AND HOFFMANN

For Hartmann numbers greater than 10.0, the velocity remains al-
most constant on a large portion between the two flat plates. It can
be qualitatively observed by inspecting the velocity slopes at the
walls that the skin friction increases with the Hartmann number. In
all cases, the computed solutions are in excellent agreement with
the analytical results.

Turbulent Flow
The skin-friction coefficient is plotted vs the ratio Ha/Re in

Fig. 13 for a Reynolds number of 1×104. In the case of the laminar
flow, the computed values compare well with the analytical solution.
Note that for large values of the Hartmann number, the skin-friction
coefficient can be approximated by the straight line 2Ha/Re. In
the case of the turbulent flow, the skin friction obtained with the
original model does not show any relaminarization process, the tur-
bulent skin friction always remains greater than the laminar one.
When the damping terms are implemented to provide the modified
Baldwin–Lomax model, the relaminarization process takes place at
the anticipated location (Ha/Re ≈ 1/225). As expected, both orig-
inal and modified models provide the same skin friction in the non-
magnetic case. The turbulent velocity profiles are shown in Fig. 14a

Fig. 13 Skin-friction coefficient for the Hartmann flow at
Re = 1.0 ×× 104.

a) Original Baldwin–Lomax model

b) Modified Baldwin–Lomax model

Fig. 14 Turbulent velocity profiles.

for the original model and Fig. 14b for the modified model. The
velocities are normalized with the maximum velocity obtained in
the nonmagnetic turbulent case. When Ha = 0.0, the velocity pro-
file is flatter than in the laminar case, as expected. However, the
effect of the magnetic field is less important for small values of Ha
than it was for the laminar case. In fact, the velocity profiles remain
almost identical until the Hartmann number approaches a value of
10.0 (not shown). For values of Hartmann number Ha greater than
10.0, the velocity flattening becomes noticeable. For large values of
the Hartmann number, the shape of the velocity profile is identical
to the laminar profile, suggesting that a relaminarization process has
occurred. No significant difference in velocity profiles is noticeable
between the two versions of the Baldwin–Lomax model.

Figure 15a shows the distributions of the turbulent viscosity ob-
tained with the original model. At low Hartmann numbers, the pro-
files exhibit sharp corners, with a relative minimum at the centerline.
As the Hartmann number increases, the amount of turbulent viscos-
ity decreases, and the profiles become more round in shape. The
sharp profiles are most likely due to the algebraic nature of the tur-
bulence model and the definition of the mixing length on which the
model is based. The modified model provides similar turbulent vis-
cosity profiles (Fig. 15b). For low Hartmann numbers, the turbulent
viscosity begins to increase slightly, followed by a rapid decrease,
which is faster than when the original model was employed. For ex-
ample, there is almost no turbulent viscosity produced by the mod-
ified model when Ha = 30.0, whereas the original model provided
more turbulent viscosity. When the maximum turbulent viscosity is
plotted vs Ha/Re (Fig. 16), it can be seen that, at the relaminar-
ization point, the original model still provides a substantial amount
of turbulent viscosity, whereas the damping terms in the modified
version bring the turbulent viscosity to such a low level that the flow
can be considered laminar.

Similar results are obtained in terms of skin-friction coefficient,
at different Reynolds numbers, ranging from 5 × 103 to 5 × 104

(Fig. 17). In all cases, the original model does not yield any relam-
inarization process, whereas the modified version shows that the
flow becomes laminar at about the same ratio of Ha/Re ≈ 1/225.

a) Original Baldwin–Lomax model

b) Modified Baldwin–Lomax model

Fig. 15 Turbulent viscosity profiles.
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Fig. 16 Maximum turbulent viscosity.

Fig. 17 Effect of the Reynolds number on the skin-friction coefficient.

Conclusions
The computations of laminar and turbulent MHD flows were pre-

sented. Two formulations for the MHD equations were considered.
The full MHD equations were solved for high-conductivity fluids,
whereas the low magnetic Reynolds number formulation was em-
ployed for flows characterized by low electrical conductivity. The
latter formulation did not require the solution of the magnetic in-
duction equation because the induced magnetic field is negligible
compared to the applied magnetic field. The equations of motions
were solved by a fourth-order, four-stage Runge–Kutta scheme aug-
mented with a TVD scheme. The equations were written in a flux
vector form and nondimensionalized before the application of the
numerical scheme. The MHD solver was validated for the MHD
Rayleigh flow. Good agreement was found with the existing an-
alytical solution. The location of the shock wave was accurately
predicted for the supersonic flow over a blunt body. The Baldwin–
Lomax zero-equation turbulence model was implemented to rep-
resent turbulence. It was modified to account for the presence of
a magnetic field in the case of the turbulent Hartmann flow. The
objective was to confirm the experimental observation of a relami-
narization process occurring when the Ha/Re ratio becomes larger
than 1/225. When the Baldwin–Lomax model was used in its orig-
inal form, it overpredicted the skin friction and no relaminarization
occurred. The modification resulted in the accurate prediction of
the relaminarization process, which was not affected by Reynolds
numbers in the range of 5 × 103–5 × 104.
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